We study the shadows of disformal black holes in vector-tensor Galileons modified gravity. Our analysis shows that the apparent image of the black hole in the observer's sky is non-spherical and cuspy, which is in contrast to the Kerr and KerrNewman cases. The non-trivial silhouette of the apparent image of the black hole provides novel templates for the current astrophysical observations. Moreover, due to the non-minimal coupling of the vector field to gravity the disformal black hole supports regular horizons for spin parameter exceeding the ADM mass. Finally, the shadows of the massless limit, supported only by the charge of the dark vector field, are also studied. When relevant the results are compared with the Kerr black hole.
Introduction
Black holes always present great challenges in modern physics. Studying the properties of space-time and matter near the event horizon of a black hole is highly non-trivial task theoretically and experimentally. From theoretical point of view, the existence of many physically viable models of gravity with predictions deviating from Einstein's General Theory of Relativity (GR) poses the natural question which theory is realized in nature. On the other hand, the extremely small size of the black holes and their relatively large distance from us make them very hard to observe and study.
However, the hope is that the advancement of nowadays astrophysical and gravitational wave observations will shed light into previously inaccessible properties of these cosmic phenomena. Most promising experiments capable of such observations include the Laser Interferometer Gravitational-Wave Observatory (LIGO) [1] [2] [3] [4] [5] , from gravitational waves perspective, and the Event Horizon Telescope (EHT) [6] , from electromagnetic perspective. It is expected that the data from EHT mission will be precise enough to measure some intrinsic properties of the supermassive compact object at the center of our galaxy. Most interesting observational feature of the black hole is the shadow it casts when illuminated by some nearby sources of light. These observations will outline important properties of space-time in strong gravitational regime and put to test any deviations from the standard Kerr geometry. The first real images of a black hole shadow are expected to arrive very soon. Therefore it is important to conduct thorough analytic and numerical investigations on the apparent shape of different black hole configurations, thus providing new shadow templates for the ongoing observations.
Many such examples already exist in the literature including the Kerr-Newmann family of solutions of the Einstein-Maxwell equations [7] [8] [9] [10] ; the shadow of a black hole with NUT-charges [11, 12] ; the black hole shadows in Einstein-Maxwell-dilaton gravity [13, 14] ; Chern-Simons modified gravity [15] ; braneworld gravity [16, 17] ; the apparent shape of the Sen black hole [18] [19] [20] . More interesting examples of black hole shadows also include colliding and multi-black holes [21, 22] ; rotating black holes in f (R) gravity [23] ; conformal Weyl gravity [24] ; Einstein-dilaton-Gauss-Bonnet black holes [25] ; higher-dimensional black holes [26] [27] [28] ; non-commutative geometry inspired black holes [29, 30] ; EinsteinBorn-Infeld black holes [31] ; Ayon-Beato-Garcia black hole [32] ; rotating Hayward and rotating Bardeen regular black holes [32] ; hairy black holes [33, 34] ; chaotic shadow of a non-Kerr rotating compact objects with quadrupole mass moment and a magnetic dipole [35, 36] ; and black holes with exotic matter [37] [38] [39] [40] . Shadows of wormholes and naked singularities have also been investigated in [41] [42] [43] .
Recently an exact analytic rotating black hole solution with regular horizons was obtained by F. Filippini and G. Tasinato in [44] . It is a solution in type vector-tensor Galileons modified gravity [45] [46] [47] [48] derived by a disformal transformation [49] [50] [51] [52] on a version of the Kerr-Newman solution of the Einstein-Maxwell theory of gravity. The model is a modification of Einstein gravity with additional vector degrees of freedom, which can be associated with dark matter or dark energy. Our main goal will be to investigate the apparent shape of this new rotating black hole solution for specific subsets in its parameter space. This paper is organized as follows. In Section 2 we shortly discuss the disformal black hole solution [44] , its symmetries and its horizons. In Section 3 we choose the basis for the local observer and parametrize the observer's plane. We also discuss some common features of the black hole shadow. In Section 4 we present our study on the shadow silhouette cast by the rotating disformal solution derived in [44] . Finally, in Section 5 we make a short summary of our results.
Rotating disformal black hole solution

General setup
The starting point is the Einstein-Maxwell type of action given by
One well-known solution to (2.1) is the Kerr-Newman solution in Boyer-Lindquist coordinates (t, r, θ, ϕ):
with gauge field given by
To generate new solutions one can act on KN solution (2.2) with a disformal transformation [49] [50] [51] [52] involving new vector fields and parametrized by a real constant β, namelỹ
Here, the components of the vector field are considered to be gauge fields of some dark force and should not be associated with the standard Maxwell U (1) gauge field. The configuration obtained in [44] excites the radial component A(r) of the gauge field (2.3) and after a suitable ansatz, namely A(r) = Q r/∆(r), results in the following rotating black hole solution
which is asymptotically flat and charged under the dark vector field
One also has the ∆ and Σ functions given by
The new solution (2.5) satisfies the equations of motions of specific vector-tensor Galileons type of theory with the following disformed action (up to total derivative): 8) where one has defined the following notations:
It contains non-minimal couplings of the vector field to gravity with strength controlled by the values of the parameter β. Here, the disformal coupling β induces deviations from the Kerr-Newman geometry and also affects the apparent image of the black hole. The action (2.8) also contains derivative self-interactions of the form that usually appears in Horndeski systems.
Horizons and symmetries
The event horizon is located at radial distance given by the roots of ∂ µ r ∂ µ r = g rr = 0:
10) where the effective parameter
can be positive or negative, depending on the size of β. This is a fourth order in the coordinate r algebraic equations. Depending on the sign of the discriminant, it can have four, two or no real roots. One can also discern two regimes when β < 1 and β > 1, the latter corresponding to strong non-minimal coupling between the vector field and gravity.
In the strong coupling regime, β > 1, the black hole spin parameter a can exceed M and thus solution (2.5) is valid for arbitrary values of a. In this ultraspinning case the disformed black hole can still maintain its horizons due to the non-minimal vector-tensor interactions, which are able to contrast strong centrifugal forces. The price one has to pay translates into deformations of the horizon shape, which seems to also have an imprint on the contour of the shadow as shown in Section 4. On Figures Here, the a and a surfaces (blue) correspond to the inner and the outer horizon for β = 6.0. The b and b surfaces (orange) are for β = 7.0. Finally, the surfaces, labeled as c and c (grey), correspond to the horizons for β = 7.5. From the illustrations above one can notice the oblate shape of the event horizon. For large values of the disformal parameter β the shape of the event horizon approaches spherical one in both cases. One notices that the radial position of the external event horizon r h depends on θ, thus there is a difference in the radius of the horizon at the poles and at the equator. The ratio between the radial size of the horizon at the poles versus the size of the horizon at the equator quantifies the oblateness ω of the black hole:
The fact that the components of the metric does not depend on t and ϕ leads to the existence of one time-like and one space-like Killing vector, namely K t = ∂ t and K ϕ = ∂ ϕ . This implies two conserved charges, namely the energy, p t = −E, and the angular momentum, p ϕ = L, of the system. The hyper-surface, corresponding to K (t)µ K µ (t) = 0, defines the ergosphere. The equation for the ergosphere is also fourth order in r algebraic equation. As pointed out in [44] the ergosphere always lies outside the outer event horizon.
Observers and impact parameters
Local observer
For an observer, the black hole shadow is its apparent image in the sky due to the gravitational lensing of nearby radiation emitted by some external light sources [7] . We choose to work in the observer basis given in [53] .
Let (t, r, θ, ϕ) are the Boyer-Lindquist spherical-like coordinates. One can expand the local observer basis (ê (t) ,ê (r) ,ê (θ) ,ê (ϕ) ) in the coordinate vector basis (∂ t , ∂ r , ∂ θ , ∂ ϕ ) in the following way:
Note that the chosen decomposition is not unique, allowing for spatial rotations and Lorentz boosts. This particular choice is connected to the ZAMO (zero angular momentum observers) reference frame [54] . Using Minkowski normalization,ê (µ) ·ê (ν) = η µν , one can find the coefficients in the decomposition (3.1):
and
The locally measured momenta of the photon can also be obtained:
Impact parameters
The projection of photons detected in an image plane corresponds to the optical perspective of an observer. The Cartesian coordinates (x, y) assigned to each photon in this image plane are its impact parameters [55] and they are proportional to the respective observation angles (α,β) [53] : 6) where the perimetral radiusr is defined asr = P/(2 π) = √ g ϕϕ and computed at the position of the observer. The angular coordinates (α,β) of a point in the observer's plane define the direction of the associated light ray and establishes its initial conditions. The photon momenta can also be parametrized in terms of the observable angles (α,β) such as
Having established the observer and the observer's plane one can now proceed with the numerical integration of the Hamilton equations for the null geodesics in the considered rotating background (2.5), namelẏ
where the Hamiltonian and the conserved momenta are given by
The resulting shadow contours of the disformal black hole are shown in Section 4.
Common characteristics of the black hole shadow
Here we introduce some useful geometric features of a generic black hole shadow (Fig. 4 ). First of all, the center of the black hole is given by the point C, as shown on Figure 4 . Its abscissa is determined by x C = (x max + x min )/2, where x min and x max are respectively the minimum and the maximum abscissa of the shadow's edge. Since the points C and O generally do not coincide, x C can be considered as a specific feature of the shadow. Secondly, any generic point P on the shadow's contour is at a distance r from C, which is defined as the Euclidian distance r = y 2 P + (x P − x C ) 2 on the observer's plane. Given the line element ds 2 = dx 2 + dy 2 , one can define further useful geometric features of the apparent image, namely the perimeter P of the shadow, its average radiusr sh and the deviation from sphericity σ r [25, 56, 57] :
All these parameters are expressed in units of the ADM mass M . In some cases, it is possible to compare the shadow parameters of the disformal solution (2.5) with those from the Kerr black hole with the same mass M and spin a. Hence, one can also define the relative deviations to the Kerr case in the following way:
In Tables 1 and 2 
Black hole shadows of the disformal solution
The form of the solution (2.5) does not allow for separation of variables in the HamiltonJacobi equation for the null geodesics. Therefore one is forced to study the contour of the black hole shadow numerically. Our analysis shows that the apparent image of the Filippini-Tasinato disformal black hole solution (2.5) is non-spherical and cuspy. Such cuspy silhouette of the shadow emerges in the space-time of hairy black hole [58] and rotating non-Kerr black hole [59] . The recent investigation indicates that these novel structure and patterns in the shadows are determined actually by the non-planar bound photon orbits [58] and the invariant phase space structures [60] for the photon motion in the given background space-times. These features depict a major qualitative difference with respect to Kerr and Kerr-Newman solutions and give potentially new templates for the current observations of black holes and other compact objects. (a) θ 0 = π/6. 
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Conclusion
The analysis of the horizon as function of the Boyer-Lindquist angle θ, depicted on Fig.  1 , shows some interesting features. When considering the case a < M , one notices that the outer horizon increases from the north pole to the black hole equator and decreases symmetrically from the equator to the south pole. Meanwhile, the Cauchy horizon has an opposite behaviour.
When considering the ultraspinning case, a > M , one notices that for some values of the disformal parameter β there are values of θ for which the horizons don't exist. There are exactly two specific values of θ ∈ [0, π], one in the northern hemisphere, and one in the southern hemisphere, where the two horizons coincide and an extremal black hole is formed. Each of these characteristics of the both horizons can be clearly seen in Fig.  2 , where the three-dimensional shape of the horizons and their polar cross-sections are shown.
On the equatorial plane, θ = π/2, the Eq. (2.10) reduces to two quadratic equations, namely, one trivial r 2 = 0, and one non-trivial r 2 − 2M r + a 2 + Q 2 (1 − β 2 ) = 0 with roots r ± = M ± M 2 − a 2 + Q 2 (1 − β 2 ). In this case the radius of the event horizon is maximal, while the radius of the Cauchy horizon is minimal and is exactly zero when
. Now let us consider the dependence of the horizons on the non-minimal coupling β at different angles θ (Fig. 3) . The radius of the event horizon always increases, while the radius of the Cauchy horizon always decreases, with the increasing of β. In this case there exist one unique value for β for which the two horizons coincides. Below this value no black hole exists. On Fig. 3 one observes again that the radius of the event horizon monotonically increases from the north pole to the equator. Furthermore, from Table 1 and Table 2 one notes that the oblateness of the black hole gets smaller when β increases until the outer horizon approaches a sphere for very large β.
The shadow of the black hole in the weak non-minimal coupling regime (Fig. 5 ) is getting bigger with increasing β, but always stays within the silhouette of the Kerr black hole shadow. It approaches the Kerr-Newman black hole shadow contour at β = 0 and the Kerr black hole shadow at β = 1. Furthermore, the cuspy silhouette of the black hole image is becoming more apparent when β approaches 1.
The shadow of the black hole in the case of a < M in the strong non-minimal coupling regime ( Fig. 6 ) at first decreases with increasing β, but after some value of β the size of the shadow begins to increase (Fig. 7) , which can also be depicted from the values of the mean radiusr sh of the shadow and its perimeter P, given in Table 1 . This is an interesting phenomenon, because it was unexpected and we did not observe it in the weak nonminimal coupling regime or the ultraspinning regime, where the shadow always increases with increasing values of β. A possible explanation is due to the non-minimal coupling of the dark vector field to gravity, the underlying mechanisms for which are unclear at the moment. This phenomenon poses questions that can be answered by studying the gravitational lensing effect in the strong deflection limit nearby the black hole photon orbits. The expected results of such a survey can provide valuable information about the space-time type around the compact object and will be reported soon in a future work. Finally, one notices that the cuspy silhouette of the black hole shadow vanishes for β 1 and also for smaller values of the black hole angular momentum, which is supported by the decreasing values of σ r given in Table 1 .
In the ultraspinning case ( Fig. 8 and Fig. 9 ) the apparent image of the black hole in the observer's sky is highly deformed for all values of the angle of inclination θ 0 . The size of the shadow increases with increasing β, but the cusps remain yet visible. Furthermore, for even larger spin (Fig. 9 ) the shadow gets asymmetrically deformed with respect to the horizontal abscissa of the observer's plane.
In the massless case (Figs. 11-13 ) the size of the shadow starts from very small (within the Kerr shadow) when β < 1 and increases beyond the size of the Kerr black hole shadow for β 1. Also the shape of the shadow approaches spherical form when β 1, which is confirmed by the values of σ r parameter in Table 2 , valid for the massless as well as the massive case.
Finally, the increasing values of the charge Q, at fixed β, lead to smoother and larger silhouettes of the black hole shadow, which are portrayed in Fig. 10 .
In all considered cases one notices that the center of the black hole x C moves to the left with respect to the center of the Kerr black hole for increasing values of β. This is confirmed by the data given in Tables 1 and 2 . Furthermore, the non-equatorial observer, θ 0 = π/2, will see the same shape of the black hole shadow, no matter it is positioned below or above the equatorial plane, as long as it fulfils the observer condition θ Table 1 : Black hole's polar and equatorial radial sizes of the event horizon r pol h and r eq h , the oblatness ω, as well as the shadow's mean radiusr sh , perimeter P, the black hole center abscissa x C and equatorial relative shadow deviations from Kerr for fixed parameters: M = 1, θ 0 = π/2, a = 0.995. Table 2 : Black hole's polar and equatorial radial sizes of the event horizon r pol h and r eq h , the oblatness ω, as well as the shadow's mean radiusr sh , its perimeter P and the black hole center abscissa x C for fixed parameters: M = 1, θ 0 = π/2, a = 2.0.
